We study the performance of an adiabatic, geometric phase gate with a quantized driving field numerically, and develop an analytical approximation that shows how the qubit becomes entangled with the driving field. This results in a scaling of the gate error probability versus the energy in the control field that has the same form as that found for dynamic, nonadiabatic gates, but with a prefactor that would typically be several orders of magnitude larger, because of the adiabaticity constraint. In the approximation we have used, which should be valid for sufficiently large control fields, the main source of decoherence (and hence error) is the "which path" information carried by the photons that would be radiated by the driven qubit.
I. INTRODUCTION
It was first suggested by Zanardi and Rasetti [1] , that the Berry phase (non-abelian holonomy) [2] [3] [4] might in principle provide a novel way for implementing universal quantum computation. They showed that by encoding quantum information in a degenerate eigenspace of the Hamiltonian H one can in principle achieve the full quantum computational power by using holonomies only. It was then thought that since Berry's phase is a purely geometrical effect, it would be resilient to certain errors and might provide a way to perform intrinsically faulttolerant quantum gate operations. A detailed theory behind the implementation of geometric computation was developed in [5] , and an implementation of a conditional phase gate in NMR was shown in [6] . Since then, various studies of the robustness of geometric gates under different kinds of noise have been performed [7] [8] [9] [10] . Many examples of possible implementations of geometric gates in other systems may also be found in the literature [10] [11] [12] [13] .
In this paper, we wish to study the performance of an adiabatic, geometric phase gate, of the type discussed in [5, 7, 8] , when the control field is quantized. This is part of a general program to study the limitations to quantum logic that arise from the quantum nature of the control systems such as electromagnetic fields [14] . A result that covers many types of gates that violate a certain conservation law was rigorously proved recently in [15] , but the particular kind of phase gate to be considered here is not directly covered by that result, since the transformation operator (essentially, σ z ) commutes with the relevant conserved quantity. Constraints having the same form, however, can also be shown to arise, in ordinary "dynamical" gates, from the fluctuations in either the phase or the intensity of the control fields [16] , or from the entanglement of the qubit with the field [17] ; hence the present work can be regarded as a study of the * Electronic address: jgeabana@uark.edu sensitivity of adiabatic geometric gates to these kinds of effects.
Our model is very different from the previous studies of geometric gates with quantized fields reported in [18, 19] . In those papers, a geometric gate was applied to a joint system of a qubit and one or two quantized field modes, by assuming that their joint Hamiltonian was varied by some (unspecified) external means. In this sense, therefore, what we would call the "control" field here was not really quantized in those schemes. In contrast, in the treatment that follows the qubit-quantum field system is taken to be entirely self-contained; there are no external parameters to be varied, and the evolution of the system is solely due to the fact that the field is assumed to be initially prepared in a multimode coherent state, whose Fourier amplitudes are chosen so as to yield the right time-dependent Rabi vector, to steer the qubit along the desired path on the Bloch sphere.
An important consequence of our approach is that the assumed qubit-field interaction naturally works in both directions: the same coupling that allows the field to influence the evolution of the qubit also allows the qubit to radiate into the available field modes. As we shall show below, this introduces an important source of decoherence that was not considered in previous studies.
The paper is structured as follows. In Section II, we give a very brief overview of the operation of the phase gate in [5] with a classical field. In Section III we discuss the quantized-field case. We first introduce the relevant Hamiltonian and show results of numerical calculations with two and three quantum modes, and then develop an analytical approximation that allows us to derive a general result valid for a control field with an arbitrary (but still adiabatic) time dependence. Section IV is devoted to a discussion of this result, and contains also our conclusions.
II. SEMICLASSICAL SYSTEM
For a qubit with basis states |0 and |1 , and with the convention σ z = |0 0| − |1 1|, we write the Hamiltonian for time evolution, in an appropriate interaction picture, as
Here ω 1 represents the (real) amplitude of the external control field (for instance, a magnetic RF field, in an NMR experiment); φ is its phase, and ω is its frequency, whereashω 0 is the energy difference beweet the qubit's |0 and |1 states (for convenience, we have takenh = 1 throughout). We follow the "quantum information" convention according to which σ z = |0 0| − |1 1|, i.e., |0 is the "excited state," or North pole of the Bloch sphere. The Hamiltonian (1) can also be written as
with σ = |1 0| and f (t) = ω 1 (t) exp(−iφ(t))/2 ≡ |f (t)| exp(−iφ(t)). We impose the condition f (0) = f (T ) = 0, where T is the total duration of the gate. We want f (t) to change slowly enough that, if the qubit starts in an eigenstate of H(0), (i.e., |0 or |1 ) it remains throughout in one of the the instantaneous eigenstates of H(t), which are of the form
with φ as above and
This adiabatic evolution requires that the rate of change of f (t) (both amplitude and phase) be much smaller than the energy difference between the instantaneous eigenstates (3) . Assuming that |f | is less than or of the order of |ω 0 − ω|, and that its characteristic rate of change is of the order of 1/T , the adiabatic evolution condition is
Under these conditions, an initial superposition state such as (|0 + |1 )/ √ 2 will evolve as
where the phases δ ± have both a dynamical and a geometrical component. As discussed in [5] , the dynamic component can be made to cancel out by using a spin echo technique, which involves the use of π pulses at the times T /2 and T , and a reversed evolution for the second half of the trajectory, so that for t > T /2, f (t) = f * (t − T /2). We shall not need to be concerned with these details, and merely note that, when things are done properly, the final result at the time T is, up to an overall phase,
where γ is a purely geometrical phase, given by the solid angle enclosed by the qubit's trajectory on the Bloch sphere, as (see [5] for details)
This is assuming that during the first half of the evolution the phase φ grows monotonically from 0 to 2π. (γ is only the geometric phase acquired during that first half.) To have a π phase gate (γ = π/4) we therefore must have (using (8) and (4b))
If φ grows linearly for, say, a time T ′ , and during that time |f | is a constant equal to f max (as in [5, 7] ), the requirement (9) becomes simply
III. QUANTUM SYSTEM
A. Basic Hamiltonian
We now proceed to quantize the external field (proportional to f ) that appears in the Hamiltonian (2). Since it is essential to the gate operation that this be a timedependent field, a multimode-quantum field description is unavoidable. Since we are only concerned about the time interval 0 ≤ t ≤ T , we may just use a discrete set of temporal modes. Decomposing f (t) as
we thus write a Hamiltonian
where g is an appropriate coupling constant, which we take to be constant over the relevant frequency interval (a few times 2π/T ). In (12) , creation and annihilation operators for the various modes have been inserted in accordance with the standard "rotating-wave approximation," that is, the a n go with the raising operator σ † , and the a † n go with the lowering operator σ. Note that the Hamiltonian (12) is written in an interaction picture, so that the "true" frequency associated with the n-th mode is actually ω + 2nπ/T (where n may be positive or negative). To reproduce the time-dependence of the semiclassical function f (t), we take the initial field state to be a multimode coherent state
with the amplitudes α n chosen so as to have
This means that the total photon number n = n |α n | 2 satisfies
Numerical results for two-and three-mode fields
Since the numerical integration of the Schrödinger equation with the Hamiltonian (12) soon becomes impracticable as the number of modes (and the number of photons per mode) increases, we have limited our numerical studies to functions f (t) that can be expressed as a superposition of at most three Fourier components. The main purpose of this subsection is to motivate, and provide a testing ground for, the analytical approximation to be developed in the next subsection.
For our two-mode function we choose
for t < T /2 (and the complex conjugate of this expression for t > T /2), where λ is a constant to be chosen appropriately. With this function, the path adiabatically followed on the Bloch sphere when the qubit starts in the state |0 is as shown in Fig. 1a . The Bloch vector actually goes over this path twice in the time T /2, since f (T /4) = 0, and each time the phase φ grows only from −π/2 to π/2, at the rate dφ/dt = 4π/T , and with |f (t)| = λ| sin(4πt/T )|. Calculating the geometric phase therefore requires a slight modification of the equations (8) and (9). In place of (8) we now have
where K(m) is the complete elliptic integral of the first kind. To have a π phase gate we solve the equation γ = π/4, with γ as given by (17), numerically and determine that one requires 4λ 2 /(ω 0 − ω) 2 = 1.94045, or λ = 0.6965|ω 0 − ω|. Using this value for λ, we then integrate numerically the (semiclassical) equations of motion for different values of the adiabaticity parameter |ω 0 − ω|T , and find that |ω 0 − ω|T = 800π is enough to ensure a final gate fidelity of F 2 (T ) = 0.9985. (The plot in Fig. 1a is, in fact, the result of this numerical integration.) Accordingly, we adopt these values for use in the quantized-field calculation.
By comparing (16) to (11), we see that for times t < T /2 the function f (t) can be represented by just two mode amplitudes, f 0 = −f 4 = λ/2, and accordingly we reduce the sum in the Hamiltonian (12) to just these two modes, a 0 and a 4 , initially in a state
with (by Eq. (14))
The total number of photons is clearly n = n 0 + n 4 = 2α 2 . With λ a constant, we can explore the effect of increasing the number of photons by formally decreasing the coupling constant g with the constraint (19) .
Although convenient for calculations, this restriction to only two modes is unrealistic in a number of ways. In particular, in order to describe a function that is equal to (16) for t < T /2, but equal to the complex conjugate of this for t > T /2, via an expansion of the form (11), one would certainly need many more nonzero coefficients, and even if some modes had zero photons initially they should still be included in the calculation as vacuum modes. We are ignoring these complications since, as stated earlier, the purpose of this section is not so much to simulate the actual operation of the gate as to understand the kind of evolution that follows from the Hamiltonian (12) when the adiabatic condition (5) holds and the photon number in at least some of the modes is relatively large. This understanding will guide us in the formulation of the analytical approximation in the next subsection, which will apply to an arbitrary function f (t).
The most important results of our calculations are summarized in Figures 1 and 2 , which show, respectively, the Bloch-sphere evolution and purity of the qubit as a function of time for various initial states. These figures show that the correspondence between the classical and quantum-field calculations depends dramatically on the initial qubit state. When the initial state is |0 , Figure 1b shows a Bloch-sphere trajectory fairly close to the semiclassical one (Fig. 1a) , except for some small oscillations at the beginning and an overall counterclockwise drift (recall that the semiclassical trajectory actually makes two turns around the circle in the time T /2). The drift is due to what may be called an "interaction-induced detuning," and is not an essential difficulty, since, as long as it is predictable, it can always be removed by going to an appropriate interaction picture. Figure 2 (solid curve; see inset) shows that the purity of this trajectory is quite high, and it is even higher when the initial state is |1 (dashed line), for the moderately large value of n = 200 used here.
On the other hand, when the initial state is the σ x eigenstate (|0 + |1 )/ √ 2 (coordinates (1, 0, 0) on the sphere), the results are quite different. The semiclassical trajectory in Fig. 1c winds many times around the sphere in the time T /2: it represents oscillations at a frequency near ω 0 − ω, and recalling that we have set |ω 0 − ω|T = 800π we see it must make about 200 turns in the time shown, forming a rather broad band on the sphere (note that the frequency is not quite constant, and hence the effect cannot be removed by going to any trivial interaction picture). The quantum-field trajectory (Fig. 1d) , on the other hand, after a few turns around the equator rapidly spirals in to the center of the sphere, to the maximally mixed state ρ = 1 2 |0 0| + 1 2 |1 1|. This is also shown by the purity graph (dotted line in Fig. 2 ). There is a small purity "revival" around t = 0.4T in that figure, but Fig. 1d shows that it is quite unrelated to the semiclassical trajectory, and our calculations also show that these revivals tend to disappear as the number of photons increases, so we shall ignore them in what follows.
Calculations with other initial states and photon numbers all lead to the same conclusion: if the initial state is |0 or |1 , the purity remains quite high for a long time, and approaches the uniform value of 1 as the pho- ton number increases. On the other hand, for any other initial states the purity drops rather suddenly, so that the general superposition state c 0 |0 + c 1 |1 becomes very quickly an incoherent superposition of the form ρ ≃ |c 0 | 2 |ψ + ψ + | + |c 1 | 2 |ψ − ψ − | (where |ψ + (t) and |ψ − (t) are the orthogonal states that evolve from |0 and |1 respectively, approximately given by the semiclassical results (3)), with purity T r(ρ 2 ) ≃ |c 0 | 4 + |c 1 | 4 . To explore the effects of adding more frequencies, we have also carried out calculations with the following 3-mode function:
(again for t < T /2, and the complex conjugate of this expression for t > T /2). This time the path on the Bloch sphere for 0 ≤ t ≤ T /2 is a single loop, the phase grows monotonically from 0 to 2π, and Eqs. (8) and (9) apply as written, with |f (t)| 2 = 4λ 2 sin 4 (2πt/T ). Numerically we find that to satisfy Eq. (9) we require λ = 0.4493|ω 0 − ω|, and, from the numerical integration of the semiclassical equations, that |ω 0 − ω|T = 800π is enough to give a fidelity F 2 = 0.9985 for the semiclassical problem. For the quantum-field problem, we pick a three-mode (n = 0, 2, 4) initial field state
with α and g again related by Eq. (19) . The total number of photons is now 6|α| 2 . With three quantized modes, the number of coefficients needed to represent the system's state in the Fock state basis is typically an extremely large number, of the order of n 0 n 2 n 4 ∼ 4|α| 6 . Under these conditions, we quickly run out of computational resources, and Figure  3 , calculated for |α| 2 = 30 (that is, n = 180) is pretty much at the limit of what we can do. Since the number of photons in modes 0 and 2 is rather low in this case, we see that the purity for the trajectories that start from |0 and |1 is not quite as high as for the two-mode problem illustrated in Fig. 2 , but the general trend is obviously the same: the purity for those special trajectories is more or less uniformly high, whereas the superposition (|0 +|1 )/ √ 2 quickly decays to a completely mixed state.
C. Analytical approximation
The results in the previous subsection follow a familiar pattern. It has been shown, in previous work by one of us and others [20] [21] [22] [23] , that it is a generic property of radiation-matter interaction Hamiltonians of the type (12) that, when the initial field state is a coherent state with a reasonably large average number of photons, there are special initial states of the "matter" system (the qubit, in this case) which lead to approximately disentangled matter-field evolution. For time-independent Hamiltonians, such as the Jaynes-Cummings model, the special initial states are the energy eigenstates of the semiclassical Hamiltonian; for cases in which this Hamiltonian is time-dependent but periodic, it was argued in [22] that they should be its Floquet eigenstates.
A Floquet eigenstate is characterized by the property that after one period of evolution it returns to its original form, times only a phase factor, so that |ψ(T ) = e iδ |ψ(0) . In our case, for a Hamiltonian such as (2), with f (0) = f (T ) = 0, this is precisely what the adiabatic evolution condition guarantees for the eigenstates |0 and |1 of the noninteracting Hamiltonian. Hence, |0 and |1 are (approximate) Floquet eigenstates for they semiclassical problem, and the evolution, under the quantum-field Hamiltonian (12), of trajectories that start from those states is approximately disentangled, as confirmed by the numerical calculations in the previous section:
Here |ψ ± (t) are the semiclassical results (3), and |Φ ± (t) are the corresponding field states (global phases, both dynamical and geometrical, may be considered to be embedded in these field states, although they are not important for what follows). The approximation (22) neglects things such as the drift exhibited by the trajectory in Fig. 1b , which, if necessary, could be accounted for by introducing the "interaction-induced detuning" discussed in [22] . The field states themselves can, to a good approximation, be taken to be coherent states, as we shall show below. By the linearity of the Schrödinger equation, an arbitrary initial state of the qubit, of the form c 0 |0 + c 1 |1 will lead to an evolution
and hence, in general, to an entanglement of the qubit with the field and an attendant loss of purity. If ρ is the reduced density matrix of the qubit, its purity, according to (23) , will be given by
To evaluate this, we need the field states |Φ ± (t) along each trajectory, which can be determined as follows. The factorized form of the states (22) means that the expectation value of the Hamiltonian (12) in either of the states |ψ ± (t) provides an effective Hamiltonian for the field, which is of the form of "a quantum field driven by a classical current," which is well-known [24] to produce a (multimode) coherent state if the initial state is a coherent state. Since, by (24) , overall phases do not affect the purity calculation, we can get the amplitudes α n (t) ± from the Heisenberg equations of motioṅ
If we calculate the expectation value of this along the + or the − trajectory, we get
and therefore
for the coherent state amplitudes. We can then calculate the purity (24) with |Φ ± (t) = n |α n (t) ± . Figures 2 and 3 show how this compares to the numerical calculations for the simple two-and three-mode examples introduced in the previous subsection.
In the general case with an arbitrary function f (t), the sum over an infinite set of modes actually leads to a formal simplification. We have
Here we have used the fact that
Note that (by Eq. (15)) g 2 T in (28) can be written as
so the exponent in (28) is inversely proportional to n . Provided it is small, one could approximate
for the "worst case scenario" of Eq. (24), which is when |c 0 | 2 = |c 1 | 2 = 1/2, that is, the initial qubit state is a coherent superposition of the two basis states with equal weights (of course, it is precisely in this situation that a phase gate is most useful).
An analytical lower limit to (30) is easily found in the case in which φ is varied linearly for a time T ′ , holding |f | = f max , using the result (10) . One has, for the purity of the final state at time
7/9 1 + 7/9 ≃ 0.043
where, to have adiabaticity, T ′ must be of the order of the gate duration T , and therefore, by Eq. (5), we must have (ω 0 − ω) 2 T ′ 2 ≫ 1. For reference we may note that for the "two-mode function" (16) the right-hand side of (30) evaluates to 0.05(ω 0 − ω) 2 T 2 / n , whereas for the "three-mode function" (20) one finds 0.06
The quantity 1 − T r(ρ 2 (T )) directly translates into a lower limit for the overall error probability of the gate, ǫ. This is because the probability to reach the target state, 1 − ǫ, cannot in any case be larger than the largest eigenvalue of ρ(T ) (say, λ), and thus we have
and
For λ > 1/2, this is a decreasing function of λ, so, as long as ǫ < 1/2, Eqs. (32) and (33) immediately yield 1 − T r(ρ 2 ) ≤ 2(1 − ǫ)ǫ < 2ǫ. Putting all this together, we may conclude that the overall error probability of this kind of adiabatic, geometric phase gate, with a quantized field, is of the order of ǫ >∼ 0.03
Our numerical calculations suggest that to reach semiclassical infidelities of the order of 10 −4 , the adiabatic parameter |ω 0 − ω|T may have to be as large as 800π. Then Eq. (34) indicates that the overall error probabilities may be of the order of 10 4 / n . This is three or four orders of magnitude larger than the similar constraints that have been derived for dynamical gates (see the discussion in the following section).
In fact, if one assumes that the typical error due to nonadiabaticity scales as ǫ nad ∼ 1/((ω 0 − ω) 2 T 2 ), and minimizes the sum of the quantum error (34) and ǫ nad with respect to the adiabaticity parameter, it easy to see that the resultant overall error scales as 1/ n , which is a scaling with field energy much more unfavorable than the ones derived for nonadiabatic, dynamical gates.
IV. DISCUSSION AND CONCLUSIONS
As was mentioned in the Introduction, constraints on the error probability of dynamical gates with quantized control fields have been derived by a variety of methods, with results that are typically of the form
The result (34) scales in the same way with the photon number, but has an additional factor that needs to be very large (typically ∼ 10 4 by our estimates) in order to preserve adiabaticity.
The origin of the constraint (34) is interesting, because the analytical approximation from which it has been derived is almost entirely semiclassical. We have, in essence, assumed that the qubit (which physically could be an atom or spin system) is driven along the semiclassical path on the Bloch sphere, and along the way it radiates in just the way that a classical oscillating dipole would. Since the dipole which develops from the state |0 has a phase opposite that of the one which develops from the state |1 , the corresponding radiation fields clearly leave different "traces" in the environment, and as a result an initially coherent superposition such as (|0 + |1 )/ √ 2 decoheres with time, as it becomes easier to tell apart the corresponding (quasiclassical, but ultimately quantum) field states |Φ + (t) and |Φ − (t) .
The gate error in this case appears, therefore, to be entirely due to entanglement between the qubit and the quantum field; other factors that have been argued to be important in dynamical gates (such as the quantum fluctuations in the driving field [16] ) have played no part in the derivation of the result (34). This is not to say that they would not be present in general, only that their contribution appears to be much smaller in the n ≫ 1 limit considered here.
The inverse dependence of Eq. (34) on n is perhaps best understood in terms of the coupling to the field, g (compare Eq. (15)): a weakly coupled system would not radiate much, and hence the decoherence due to entanglement would be relatively small, but it would require a larger applied field (with a large average photon number) to drive it along the appropriate path. Note also that the decoherence factor (28) involves the exponential of something like the average number of photons radiated by the oscillating dipole; in the limit of interest (i.e., to have a usable gate), we want this number to be much less than 1.
A limitation of the model presented here is that only temporal modes of the field have been considered. A full description would have to include different spatial modes, and would lead to a consideration of the degree of spatial coupling between the qubit and the field. This has been addressed before in the context of dynamical gates for atoms [25, 26] ; the bottom line is that the results presented here assume optimal matching between the modes of the field and the qubit's radiation pattern, and any less-than-optimal matching would result in a larger (geometrical) factor on the right-hand side of Eq. (34). The constraint would then become that the total probability of radiation by the qubit into all the modes of space (and not just those associated with the control field) be sufficiently small. Although such a constraint may, in hindsight, appear obvious, it is important to understand just why the emission of radiation leads to decoherence in this system: as Figures 2 and 3 show, the trajectories |ψ ± (t) that start from the eigenstates |0 and |1 can preserve a high degree of purity for a long time beyond the emission of the first photon, and indeed, in the approximation we have used, they are taken to remain pure for arbitrary times, despite that fact that they are constantly radiating. It is the superpositions of the |ψ + (t) and |ψ − (t) trajectories that decohere as a result of the emission of photons by the system, and, as discussed above, this is a direct consequence of the "which path" information carried by the emitted photon.
One may ask, finally, why it is that the decoherence of this adiabatic gate has a much less favorable scaling with the power of the control field than the non-adiabatic gates. The answer appears to be that the adiabatic condition (5) requires a large detuning, which proportionally reduces what one might call the "good coupling"-that is, the ability of the field to steer the qubit-while the "bad coupling"-the probability for the qubit to emit a photon-is not affected, since the gate execution requires the generation of a relatively large dipole moment in any case (cf. Eqs. (4) and (10)).
